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ZIMMER’S CONJECTURE FOR LATTICE ACTIONS: THE
SL(n,C)-CASE
ZHIYUAN ZHANG
ABSTRACT. We prove Zimmer’s conjecture for co-compact lattices
in SL(n,C): for any co-compact lattice in SL(n,C), n ≥ 3, any Γ-
action on a compact manifold M with dimension: (I) less than
2n− 2 if n 6= 4, (II) less than 5 if n = 4, by C1+ǫ diffeomorphisms
factors through a finite action.
1. INTRODUCTION
Motivated by a sequence of results on the rigidity of linear repre-
sentations including [23, 25, 21, 22], Margulis’ superrigidity theorem
[20], and the extension to cocycles, Zimmer’s cocycle superrigidity
theorem [27], R. Zimmer proposed the following conjecture.
CONJECTURE 1. Let G be a connected, semisimple Lie group with fi-
nite center, all of whose almost-simple factors have reak-rank at least 2.
Let Γ < G be a lattice. Let M be a compact manifold. If dimM <
min(n(G), d(G), v(G)) then any homomorphism α : Γ → Diff(M) has
finite image.
In the above conjecture, number n(G) denotes the minimal di-
mension of a non-trivial real representation of the Lie algebra g of
G; number v(G) denotes the minimal codimension of a maximal
(proper) parabolic subgroup of Q of G; and number d(G) denotes
the minimal dimension of all non-trivial homogeneous space K/C as
K varies over all compact real-forms of all simple factors of the com-
plexification of G. There are also Zimmer’s conjectures for volume-
preserving actions. We refer the readers to [2, Conjecture 1.2] for the
statement of the full Zimmer’s conjecture as extended by Farb and
Shalen. We refer the readers to [12, 13] for the history of Zimmer’s
program as well as recent developments.
In a recent breakthrough [2], Brown, Fisher and Hurtado have
proved the non-volume preserving case of Zimmer’s conjecture for
co-compact lattices in higher-rank split simple Lie groups as well as
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certain volume preserving cases (under C2 regularity assumption).
In [3], the authors proved Zimmer’s conjecture for the non-uniform
lattice SL(n,Z). In [7], the authors replaced the regularity assump-
tion C2 in [2] by C1 under a stronger dimensional constrain. We
also mention [26] for SL(n,Z) actions by homeomorphisms under
a topological condition on the manifold.
For many non-split Lie groups, the results in [2] also give dimen-
sional bounds that are comparable to the optimal bounds. For in-
stance, for n ≥ 5, the dimensional bound in [2] for SL(n,C), SL(n,H)
are respectively one half and one quarter of the optimal bounds. In
this paper, we improve the bound for SL(n,C) to the optimal level
for co-compact lattices. The following are the main results of this
paper.
THEOREM 1. Let n ≥ 3 be an integer, and let Γ < SL(n,C) be a co-
compact lattice. Let M be a connected, compact manifold satisfying: (I)
dimM < 2n − 2 if n 6= 4, (II) dimM < 5 if n = 4. Then any group
homomorphism α : Γ → Diff1+ǫ(M) factors through a finite group.
THEOREM 2. Let n ≥ 3 be an integer, and let Γ < SL(n,C) be a co-
compact lattice. Let M be a connected, compact manifold satisfying: 1.
dimM < 2n − 2. Then any group homomorphism α : Γ → Diff2(M)
preserves a Riemannian metric.
1.1. Further extensions. The method of this paper can be general-
ized to other simple complex Lie group as well. In an on-going joint
work with Jinpeng An, we will address Conjecture 1 for all simple
complex Lie groups. This will appear as a second version of this
paper.
Notation. For any positive integerm, we denote by [m] the set {1 · · · ,m}.
For any metric space Z, we use BZ to denote the Borel σ-algebra of
Z, and useM(Z) to denote the set of Radon measures on Z. Given a
measurable partition ξ, we denote by Bξ the σ-algebra generated by
ξ.
2. PRELIMINARY
Let M be a connected, compact manifold.
Let G = SL(n,C) and let g = sl(n,C).
Let H be the standard Cartan subgroup of G, i.e., H is the sub-
group of diagonal matrices in G. We have H = MA where A is the
subgroup consisted of positive real diagonal matrices in G; and M is
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the subgroup consisted of diagonal matrices in G with unit complex
numbers on the diagonal.
For each 1 ≤ i, j ≤ n, let Ei,j denote the n× n-matrix whose entry
at i-th row j-th column equals 1, and 0 at all other places. We can see
that the Lie algebra of A and M are respectively,
a = {
n
∑
i=1
aiEi,i |
n
∑
i=1
ai = 0, ai ∈ R} and m = ia.
For any linear functional ℓ on a, we denoted by [ℓ] the set of lin-
ear functionals on a which are positively proportional to ℓ. We let
Σ be the set of coarse restricted roots of G. In our case, the coarse
restricted roots are in bijection with the restricted roots. We will
however adopt this notion in [2] to facilitate the citation of certain
theorems. We can show that Σ = {[γi,j] | 1 ≤ i 6= j ≤ n} where we
set γi,j = E
∗
i,i − E
∗
j,j. When there is no confusion, we slightly abuse
the notion and write χ instead of [χ], for instance, we say that the
root space for γi,j equals CEi,j, which we denote by g
χi,j . For each
χ ∈ Σ, we denote by Gχ the root subgroup of χ, and denote by
νGχ the Haar measure on G
χ. Also we denote Lχ = Ker(χ), and
let Hχ denote the subgroup of A corresponding to Lχ. We denote
Σ+ = {γi,j | 1 ≤ i < j ≤ n} and Σ
− = {γi,j | 1 ≤ j < i ≤ n}. We let
P denote the Borel subgroup of G relative to our choice of Σ+, i.e.,
the subgroup consisted of upper triangluar matrices. It is clear that
P is generated by A,M and Gχ, χ ∈ Σ+.
2.1. Suspension space. Let Γ be a co-compact lattice in G. Let α :
Γ → Diff1+ǫ(M) be an right action, i.e., α(gh) = α(h)α(g). As in [2],
we consider the right Γ-action
(g, x) · γ = (gγ, α(γ)(x))
and the left G-action
a · (g, x) = (ag, x).
Let Mα = (G ×M)/Γ, and let α˜ denote the left G-action on Mα. To
simply notation, wewill abbreviate α˜(exp(k)) as α˜(k) for every k ∈ a.
We denote the canonical projection from Mα to G/Γ by π.
Let µ be an A-invariant A-ergodic measure on Mα. For any k ∈
a, for µ-a.e. x, we denote by W−
α˜(k)
(x), resp. W+
α˜(k)
(x), the stable
manifold, resp. unstable manifold, through x for the map α˜(k).
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For each χ ∈ Σ, we define Eχ, EχF , E
χ
G, W
χ, WχF andW
χ
G as in [5].
For example, we have
Wχ(x) =
⋂
k∈a,χ(k)<0
W−
α˜(k)
(x).
It is clear that dim E
χ
F is µ-a.e. constant.
2.2. Conditional measure. In this section, we define a collection of
equivalence classes of measures {[µW
χ
x ]}x∈Mα where each µ
Wχ
x is a
measure defined up to a scalar with the property that µW
χ
x is sup-
ported on Wχ(x). Moreover, this collection is invariant under the
A-action.
Let ξ be ameasurable partition subordinate toWχ. We let {µξx}x∈Mα
denote the conditional measure associate to ξ. Let ξ1, ξ2 be two mea-
surable partitions subordinate toWχ. Then for µ-a.e. x, the restric-
tions of µ
ξ1
x and µ
ξ2
x to ξ1(x) ∩ ξ2(x) coincides up to a factor.
Take k0 ∈ a such that χ(k0) > 0, and take f = α˜(k0). We take ξ,
an f -increasing measurable partition subordinate toWχ. We take an
arbitrary precompact open neighborhood of x inWχ, denoted byU.
For µ-a.e. x, we define
µW
χ
x = limn→∞
[µ
f n(ξ)
x (U)]
−1µ
f n(ξ)
x .
It is direct to verify that the definition of µW
χ
x is independent of the
choice of ξ. We say that two Radonmeasures ζ1, ζ2 onW
χ are equiv-
alent if there is c > 0 such that ζ2 = cζ1. Given a Radon measure ζ
on Wχ, we denote by [ζ] the equivalence class of ζ. We notice that
[µW
χ
x ] is independent of the choice of U.
By the A-invariance of µ, we claim that for any k ∈ a, for µ-a.e. x,
we have
[Dα˜(k)∗µ
Wχ
x ] = [µ
Wχ
α˜(k)(x)].(2.1)
We define {[µ
W
χ
F
x ]}x∈Mα in an analogous way. We can see that
{[µ
W
χ
F
x ]}x∈Mα is also A-invariant.
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2.3. Coarse restricted root. Given an A-invariant, A-ergodic mea-
sure µ, we consider the following subsets of Σ:
Σout = {χ ∈ Σ | EχF 6= {0}},
Σout1 = {χ ∈ Σ
out | dim EχF ≥ 2},
Σout2 = {χ ∈ Σ
out | dim EχF = 1, dimE
−χ
F ≥ 1},
Σout3 = Σ
out \ (Σout1 ∪ Σ
out
2 ).
We notice that the above subsets can also be defined for any H-
ergodic measure µ. Indeed, we can define the above subsets of Σ
for each A-ergodic component of µ. As M is compact and commutes
with A, dimE
χ
∗ and Σ
out
∗ are the same for all A-ergodic components
of µ (see the paragraph below [2, Theorem 5.8]).
It is clear that
2|Σout1 ∪ Σ
out
2 |+ |Σ
out
3 | ≤ dimM.(2.2)
Given a closed subgroup Q ⊂ G containing H. We define
ΣQ = {χ ∈ Σ | G
χ ⊂ Q}.(2.3)
By [5, Proposition 5.1], we have
Σ \ Σout ⊂ ΣQ(2.4)
for Q = {g ∈ G | g∗µ = µ}.
The following proposition1 plays an important role in our proof.
LEMMA 2.1. Let Q be a closed subgroup of G such that H ⊂ Q. If n ≥ 2
and we have
|Σ \ ΣQ| < 2n− 2,
then Q is a parabolic subgroup of G.
Proof. In view of [6, Page 92, Prop. 11], it suffices to verify ΣQ ∪
(−ΣQ) = Σ, i.e., for every γi,j ∈ Σ, either γi,j or γj,i lies in ΣQ. To
show this, consider the following 2n− 2 mutually disjoint sets:
{γi,j}, {γj,i}, {γi,k,γk,i}, {γj,k,γk,i}, k ∈ [n] \ {i, j}.
It follows from the assumption that at least one of such sets is con-
tained in ΣQ. If {γi,j} or {γj,i} is contained in ΣQ, then there is noth-
ing to prove. If {γi,k,γk,j} ⊂ ΣQ, then γi,j = γi,k + γk,j ∈ ΣQ. Simi-
larly, if {γj,k,γk,i} ⊂ ΣQ, then γj,i = γj,k + γk,i ∈ ΣQ. 
1Lemma 2.1 is proved by Jinpeng An.
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DEFINITION 2.1. Let Q be a subgroup of G containing H. We let ΣnonQ
be the set of χ ∈ ΣQ such that there exist χ1, χ2 ∈ ΣQ \ {±χ} such
that χ = χ1 + χ2.
PROPOSITION 2.1. Let Q be a parabolic subgroup of G with |Σ \ ΣQ| <
2n− 2. Then for any subset I ⊂ Σ \ ΣQ such that |I| < 2n− 2− |Σ| +
|ΣQ|, there exists χ ∈ Σ \ (ΣQ ∪ I) such that there exists χ
′ ∈ ΣQ satis-
fying χ+ χ′ ∈ Σ \ ΣQ. In particular, −χ ∈ Σ
non
Q .
Proof. We first notice that if there exists χ′ ∈ ΣQ satisfying
χ′′′ := χ′ + χ ∈ Σ \ ΣQ.
Then as Q is parabolic, χ′′ := −χ′′′ ∈ ΣQ. Consequently, we have
−χ = χ′ + χ′′. It is clear that χ′, χ′′ /∈ {±χ}. Thus −χ ∈ ΣnonQ .
Without loss of generality, we may assume that P ⊂ Q. By [17,
V. 7, Proposition 5.90] (see also [5, Section 2.1]), there exist constants
1 ≤ i1 < · · · < ip ≤ n− 1 such that
Σ \ ΣQ = ∪
p
l=1{χu,v | v ≤ ip < u}.
The case where n = 3 can be verified directly. In the following we
assume that n ≥ 4.
We first assume that there exists 1 ≤ p ≤ l such that 2 ≤ ip ≤
n− 2. Then we have
|Σ \ ΣQ| ≥ 2(n− 2).
Hence |I| ≤ 1.
We notice that both χn,1, χn,2 belongs to Σ \ ΣQ. Thus there exists
χ ∈ {χn,1, χn,2} such that χ ∈ Σ \ (ΣQ ∪ I). Notice that χn−1,n ∈ ΣQ.
Then we have
χ+ χn−1,n ∈ {χn−1,1, χn−1,2} ⊂ Σ \ ΣQ.
This concludes the proof in this case.
If there exists no such χp, then there are only three possibilities for
Σ \ ΣQ :
(1) {n} × [n− 1];
(2) ([n] \ [1])× [1];
(3) the union of the above two.
In each of the above cases, we can verify the proposition directly. 
3. PROOF OF THE MAIN THEOREM
3.1. Review of BFH. The first step in the proof of Theorem 1 is to
show that α has uniform subexponential growth of derivatives.
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DEFINITION 3.1. Let α : Γ → Diff1(M) be an action of Γ on a com-
pact manifold M by C1 diffeomorphisms. We fix an arbitrary C∞
Riemannian metric on M. We say that α has uniform subexponential
growth of derivatives if for every ε > 0 there is a constant Cε > 0 such
that for all γ ∈ Γ we have
‖Dα(γ)‖ ≤ Cεe
εℓ(γ).
It is clear that the above definition is independent of the choice of the
metric on M.
PROPOSITION 3.1. Let n ≥ 3 be an integer, and let Γ < SL(n,C) be
a co-compact lattice. Let M be a connected, compact manifold satisfying
dimM < 2n− 2. Then α has uniform exponential growth of derivatives.
We now start with the proof of Proposition 3.1.
We assume to the contrary that α does not have uniform subex-
ponential growth of derivatives. Then by combining [2, Proposition
3.6], [2, Claim 3.5] and [2, Proof of Proposition 3.7], we have
PROPOSITION 3.2. There exists an s ∈ A and an H-invariant H-ergodic
Borel probability measure µ on Mα with λF+(s, µ) > 0 such that π∗µ is the
Haar measure on G/Γ. Here λF+(s, µ) is the maxmal fiberwise Lyapunov
exponent for s ∈ A with respect to µ given by the formula
λF+(s, µ) = infn→∞
1
n
∫
log ‖Dα˜(sn) ↾ EF(x)‖dµ(x).
3.2. From H to G. To complete the proof of Proposition 3.1, it re-
mains to show the following.
PROPOSITION 3.3. Assume that dimM < 2n − 2. Let µ be an H-
invariant H-ergodic measure on Mα such that π∗µ is the Haar measure
on G/Γ. Then µ is G-invariant.
The main technical proposition of our paper is the following.
PROPOSITION 3.4. Let Q be a parabolic subgroup and let µ be an Q-
invariant H-ergodic measure on Mα. Then for any χ ∈ Σout3 ∩ (−Σ
non
Q ),
the conditional measure µG
χ
x is non-atomic for µ-a.e. x.
The proof of Proposition 3.4 is divided into two parts which oc-
cupy the next two sectons.
Proof of Proposition 3.3. Assume that µ is not G-invariant. We set
Q = {g ∈ G | g∗µ = µ}.
By hypothesis, H ⊂ Q ( G.
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Define E
χ
F , E
χ
G, E
χ,ΣQ,Σ
out
1 , · · ·with respect to µ. We claim that
|Σ \ ΣQ| ≤ dimM ≤ 2n− 3.
Indeed, if this was not the case, then there would exist χ ∈ Σ \ ΣQ
such that χ is fiberwise non-resonant, i.e., E
χ
F = {0}. By [5, Proposi-
tion 5.1], we would deduce that µ is in fact Gχ-invariant. This would
contradict the definitions of Q and ΣQ.
By Lemma 2.1, we see that Q is a parabolic subgroup.
We set
I := (Σout1 ∪ Σ
out
2 ) \ ΣQ.
By definition, (2.4) and (2.2), it is clear that I ⊂ Σ \ ΣQ and
|I| = |I|+ |Σout1 ∪ Σ
out
2 |+ |Σ
out
3 | − |Σ
out|
≤ 2|Σout1 ∪ Σ
out
2 |+ |Σ
out
3 | − |Σ
out|
≤ dimM− |Σout|
≤ dimM− |Σ|+ |ΣQ|
< 2n− 2− |Σ|+ |ΣQ|.
By Proposition 2.1, there exists
χ ∈ Σ \ (ΣQ ∪ I) ⊂ Σ
out \ (ΣQ ∪ I) ⊂ Σ
out
3
such that there exists χ′ ∈ ΣQ satisfying
χ′′ := χ+ χ′ ∈ Σ \ ΣQ.(3.1)
In particular, −χ ∈ ΣnonQ .
By Proposition 3.4, the conditional measure µG
χ
x is non-atomic for
µ-a.e. x. By the Q-invariance of µ, we see that µG
χ′
x is Haar for µ-a.e.
x. Then by the method in [9, 8] for noncommuting foliations along
with (3.1), we see that µG
χ′′
x is Haar for µ-a.e. x. But this is a contra-
diction as this would imply that µ is Gχ
′′
-invariant, and consequently
χ′′ ∈ ΣQ. 
Proof of Proposition 3.1. Assume that α fails to have uniform subex-
ponential growth of derivatives. By Proposition 3.2, there is a s ∈ A
and an H-invariant H-ergodic measure µwith λF+(s, µ) > 0, and π∗µ
is the Haar measure on G/Γ. By Proposition 3.3, we deduce that µ
is G-invariant. We deduce that there exists a Γ-invariant measure m
on M. By Zimmer’s cocycle superrigidity theorem, the Γ-action pre-
serves a measurable metric on M. But in this case we should have
λF+(s, µ) = 0. This is a contradiction. Thus α must has uniform
subexponential growth of derivatives. 
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Proof of Theorem 1 and 2: By Proposition 3.1, we see that α has uni-
form subexponential growth of derivatives. When α acts by C2-
diffeomorphisms, we conclude the proof of Theorem 2 by the same
argument in [2].
By [2, Theorem 2.9] and [7, Proposition 7], we see that there exists
a compact Lie group K; an injection ι : K → Homeo(M); and a group
homomorphism φ : Γ → K such that α = ιφ.
We conclude the proof of Theorem 1 by Margulis arithmetic theo-
rem following [2, Section 7]. Here we have used the fact that
d(SL(n,C)) =
{
2n− 2, n = 3 or n > 4,
5, n = 4.
v(SL(n,C)) = 2n− 2.

In the next two sections, we will give the proof of Proposition 3.4.
We let Q be a parabolic subgroup of G, and let µ be a Q-invariant
H-ergodic measure; and let χ ∈ Σout3 ∩ (−Σ
non
Q ). We also denote by
χF ∈ χ the Lyapunov functional for E
χ
F , and denote by χG ∈ χ the
Lyapunov functional for E
χ
G. To simply notation, we denote E
χ
F by E.
By our hypothesis that χ ∈ Σout3 , we have dim E = 1.
4. WHEN µW
χ
F IS NON-ATOMIC
Through out this section, we assume that for µ-a.e. x, the support
of µ
WχF
x is non-discrete with respect to the leafwise metric.
4.1. Time change and measurable Lyapunov foliation. Wefix a small
constant ε > 0. As in [16, Section 5], for any Lyapunov regular point
x ∈ Mα, for any u, v ∈ E(x), we define the standard ε-Lyapunov scalar
product
〈u, v〉ε =
∫
a
〈Dα˜(s)u,Dα˜(s)v〉 exp(−2χ(s)− 2ε‖s‖)ds.
For any C > 0, we define the Pesin set R(C) as in [16, Proposition
2.2]. By [16, Remark below Proposition 5.3], we have
α˜(s)R(C) ⊂ R(e2‖s‖εC), ∀s ∈ a.(4.1)
We summarize the time change argument in [16] (more specifically,
Proposition 6.2-6.7 in [16]) in the following two lemmata. As in [16],
we fix an element w ∈ a such that χ(w) = 1.
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LEMMA 4.1. For µ-a.e. x ∈ Mα and any t ∈ a there exists a real number
g(x, t) such that the function g(x, t) = t+ g(x, t)w satisfies the following
property. The measurable map
β˜(t, x) = α˜(g(x, t))x
is an a-action preserving a probability measure µ˜ which is absolutely con-
tinuous with respect to µ with positive density, and for any t ∈ a we have
‖Dα(g(x, t))|E(x)‖ε = e
χ(t).
The function g(x, t) is measurable and is continuous in x on Pesin set and
along the orbits of α˜. Moreover, g(x, t) is C1 in t and it satisfies that
|g(x, t)| ≤ 2ε‖t‖, |∂tg(x, t)| ≤ ε.(4.2)
LEMMA 4.2. For any s ∈ a there is a stable “foliation”W˜−
β˜(s)
which is
contracted by β˜(s) and invariant under the new action β˜. It consists of
“leaves”W˜−
β˜(s)
(x) defined for µ-a.e. x. The “leaf ”W˜−
β˜(s)
(x) is a measurable
subset of the leaf α˜(Rw)W−
α˜(s)
(x) of the form
W˜−
β˜(s)
(x) = {α˜(ϕsx(y)w)y | y ∈ W
−
α˜(s)
(x)}
where ϕsx : W
−
α˜(s)
(x) → R is a µ
W−
α˜(s)
x -almost everywhere defined mea-
surable function. For x in a Pesin set, ϕsx is Ho¨lder continuous on the
intersection of this Pesin set with any ball of fixed radius onW−
α˜(s)
(x) with
Ho¨lder exponent γ and Ho¨lder constant which depends on the Pesin set and
radius.
We have the following observation.
LEMMA 4.3. For µ-a.e. x, for any t ∈ R, for any k ∈ a, we have
β˜(k)α˜(tw)x = α˜(sw)β˜(k)x where s ∈ R satisfies
|t|/4 < |s| < |t|.
Proof. For µ-a.e. y, we define function φy : R → R by
φy(t) = t+ g(y, tw), ∀t ∈ R.
Then it is clear that for µ-a.e. y,
β˜(tw)y = α˜(φy(t)w)y.
By (4.2), we see that for µ-a.e. y, φy is a diffeomorphism of R with
‖φy‖, ‖φ
−1
y ‖ < 2.
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By our choices of s, t, we have
β˜(k)α˜(tw)x = β˜(k)β˜(φ−1x (t)w)x = α˜(sw)β˜(k)x = β˜(φ
−1
β˜(k)x
(s)w)β˜(k)x.
Consequently, we have s = φβ˜(k)xφ
−1
x (t). This concludes the proof.

In [16, Corollary 6.8], the authors gave the existence of coarse Lya-
punov foliations for β˜. In the following, we give a detailed account.
LEMMA 4.4. For any χ′ ∈ Σ, there exists an essentially unique2 collection
ϕχ
′
= {ϕχ
′
x : W
χ′(x) → R}x∈Mα where for µ-a.e. x, ϕ
χ′
x is a µ
Wχ
′
x -
a.e. defined function and Ho¨lder continuous on Pesin sets, such that the
following is true: for any k ∈ a, for µ-a.e. x, for µW
χ′
x -a.e. y, set z =
α˜(ϕχ
′
x (y)w)y, we have
β˜(k, z) = α˜(ϕχ
′
β˜(k,x)
(α˜(g(x, k))y)w)α˜(g(x, k))y.
We have a similar collection of measurable functions for W˜χF .
Proof. We claim that for any s, k ∈ a, for µ-a.e. x, for µ
W−
α˜(s)
x -a.e. y, set
z = α˜(ϕsx(y)w)y, we have
β˜(k, z) = α˜(ϕs
β˜(k,x)
(α˜(g(x, k))y)w)α˜(g(x, k))y.(4.3)
To prove the claim, we first notice that by definition we have
β˜(k, z) = α˜(g(z, k))z
= α˜(g(z, k))α˜(ϕsx(y)w)y
= α˜(g(z, k))α˜(ϕsx(y)w)α˜(−g(x, k))α˜(g(x, k))y
= α˜((g(z, k) − g(x, k) + ϕsx(y))w)α˜(g(x, k))y
= α˜(t′w)y′
where
t′ = g(z, k) − g(x, k) + ϕsx(y), y
′ = α˜(g(x, k))y.
Notice that we have y′ ∈ W−
α˜(s)
(β˜(k, x)).
By Lemma 4.2 and the fact that W˜−
β˜(s)
is β˜(a)-invariant, we see
that z ∈ W˜−
β˜(s)
(x) and β˜(k, z) ∈ W˜−
β˜(s)
(β˜(k, x)). Thus there exists
2We say that two collections {ϕx : Wχ
′
(x) → R}x∈Mα and {φx : W
χ′(x) →
R}x∈Mα are equivalent if for µ-a.e. x, for µ
Wχ
′
x -a.e. y, we have ϕx(y) = φx(y).
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y′′ ∈ W−
α˜(s)
(β˜(k, x)) such that
β˜(k, z) = α˜(ϕs
β˜(k,x)
(y′′)w)y′′ .
Consequently, y′′ ∈ W−
α˜(s)
(y′), and there exists t′′ ∈ R such that
y′′ = α˜(t′′w)y′.
Since we have d(α˜(ns)y′ , α˜(ns)y′′) → 0 as n tends to infinity, we can
show that t′′ = 0 for a µ-typical y. Consequently, y′′ = y′. This
proves our claim.
Fix an arbitrary s ∈ a such that
χ′(s) < −10‖s‖ε.(4.4)
Then by Lemma 4.2, for µ-a.e. x, function ϕsx is defined µ
W−
α˜(s)
x almost
everywhere. Thus for µ
W−
α˜(s)
x -a.e. y, ϕ
s
x(z) is defined for µ
Wχ
′
y -a.e. z.
We define ϕ
χ′
x to be the restriction of ϕ
s
x toW
χ′(x) for µ-a.e. x. In the
following we abbreviate ϕ
χ
x as ϕx.
We also show that ϕx defined above is essentially independent of
the choice of s. Take another s′ ∈ a with χ′(s′) < 0. Assume that
there exists a set Ω ⊂ Mα with µ(Ω) > 0 such that for every x ∈ Ω,
there exists a subset Ωx ⊂ Wχ
′
(x) with positive µW
χ′
x measure such
that for every y ∈ Ωx, ϕx(y) = t′′w+ ϕs
′
x (y) for some t
′′ 6= 0. On the
other hand, by (4.1), (4.4), (4.3) and by the Ho¨lder continuity of ϕs
′
x ,
ϕx on Pesin sets, we see that for typical choices of x, y, we have
d(β˜(ns)y′ , β˜(ns)y′′)→ 0 as n→ ∞
where y′ = α˜(ϕx(y)w)y, y′′ = α˜(ϕs
′
x (y)w)y. By Lemma 4.3, this con-
tradicts t′′ 6= 0. Consequently, we see that the definition of ϕx is
independent of the choice of s. This concludes the proof. 
From the proof of Lemma 4.4, we can deduce the following.
COROLLARY A. For any χ′ ∈ Σ, for any s ∈ a such that χ′(s) < 0, for
µ-a.e. x, for µW
χ′
x -a.e. y, we have
ϕsx(y) = ϕ
χ′
x (y)
where ϕsx is given by Lemma 4.2, and ϕ
χ′
x is given by Lemma 4.4.
By Lemma 4.4 and Corollary A, we can define for each χ′ ∈ Σ a
collection of β˜(a)-invariant sets W˜χ
′
by setting
W˜χ
′
(x) = {α˜(ϕx(y)w)y | y ∈ W
χ′(x)}
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where ϕx is given by Lemma 4.4 associated to χ
′. Similarly, we can
define W˜+
β˜(a)
, W˜χ
′
F and W˜
χ′
G .
We have the following useful lemma.
LEMMA 4.5. For any χ′ ∈ Σ, for µ-a.e. x, the conditional measure µ˜W˜
χ′
x is
absolutely continuous with respect to (y 7→ α˜(ϕx(y)w)y)∗µW
χ′
x . We have
analogous statements forWχ
′
F ,W
χ′
G andW
−
α˜(a)
, a ∈ a.
Proof. This is proved in the last paragraph of [16, Lemma 7.1]. 
REMARK 1. The proof of Lemma 4.5 uses the following fact. For any χ′ ∈
Σ, for µ-a.e. x, we have
α˜(Rw)W˜χ
′
∗ (x) = α˜(Rw)W
χ′
∗ (x), ∗ = ∅, F,G.
In particular, when χ′ ∈ ΣQ, the conditional measure of µ˜ on α˜(Rw)W˜
χ′
G (x)
is equivalent to the natural push-forward of the Lebesgue measure on R ×
Gχ
′
.
By Remark 1, for every χ′ ∈ ΣQ we can define W˜
χ′
G -holonomy
maps between α˜(Rw)-orbits within α˜(Rw)Wχ
′
G (x) for µ-a.e. x.
LEMMA 4.6. Let x be a µ-typical point, and let h ∈ Gχ
′
such that the W˜χ
′
G -
holonomy map between α˜(Rw)x and α˜(Rw)α˜(h)x is defined for Lebesgue
almost every point. Then the W˜χ
′
G -holonomy map between α˜(Rw)x and
α˜(Rw)α˜(h)x is absolutely continuous.
Proof. We will show that this W˜χ
′
G -holonomy map extends to a Lips-
chitz map.
For i = 1, 2, we take ti, si ∈ R such that W˜
χ′
G (α˜(tiw)x) inter-
sects α˜(Rw)α˜(h)x at α˜(siw)α˜(h)x. Take an arbitrary a ∈ a such that
χ′(a) < 0. For any integer n > 0, we denote by un, vn ∈ R constants
such that
β˜(na)α˜(t1w)x = α˜(unw)β˜(na)α˜(t2w)x,
β˜(na)α˜(s1w)α˜(h)x = α˜(vnw)β˜(na)α˜(s2w)α˜(h)x.
On one hand, we know that for i = 1, 2,
d(β˜(na)α˜(tiw)x, β˜(na)α˜(siw)α˜(h)x) → 0 as n→ +∞.
This implies that |vn − un| tends to 0 as n tends to infinity. On
the other hand, by Lemma 4.3, we see that both | t1−t2un |, |
s1−s2
vn
| are
bounded from above and from below by constants independent of
n. This implies our lemma. 
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4.2. The proof for the non-atomic case.
Proof of Proposition 3.4 — the non-atomic case. Our argument is an adap-
tation of the π-partition trick (see [15, 16]). The main tool is the fol-
lowing lemma.
LEMMA 4.7. For any Pesin set R, there exists a constant K > 0 such that
for µ-a.e. x ∈ R, and µ
WχF
x -a.e. y ∈ R ∩W
χ
F,loc(x), there exists a sequence
{ln}n∈N ⊂ a satisfying that α˜(ln)x → y as n→ ∞ and ‖Dα˜(ln)|E(x)‖ <
K.
Proof. In the following, for any b ∈ a, we let [W˜−
β˜(b)
] denote the sub-
σ-algebra of BMα whose elements are unions of subsets of the form
W˜−
β˜(b)
(y)with y ∈ Mα (this was previously introduced in [16, Section
6.4]). We define [W˜χ] and [W˜χF ] analogously. For any a ∈ a, we
denote by E˜β˜(a) the sub-σ-algebra of BMα formed by β˜(a)-invariant
sets.
We take a singular generic a ∈ Lχ, i.e., a ∈ Lχ but a /∈ Lχ′ , ∀χ
′ ∈
Σ \ {±χ}, and some generic b ∈ a, close to a, such that χ(b) > 0 and
χ′(b), χ′(a) have the same sign for all χ′ ∈ Σ \ {±χ}. Then by [18],
we have
[W˜χF ] ⊃ [W˜
χ] ⊃ [W˜+
β˜(b)
] = [W˜−
β˜(b)
].(4.5)
We also have the following inclusion.
LEMMA 4.8. We have [W˜−
β˜(b)
] ⊃ [W˜−
β˜(a)
] ∩ [W˜−χ].
Proof. Take an arbitrary function f ∈ L2(Mα, µ˜). We set
f0 = E( f | [W˜
−
β˜(a)
] ∩ [W˜−χ]).
Then by definition, Lemma 4.5 and Corollary A, there exist µ-conull
sets Ω0,Ω1 ⊂ M
α such that:
(1) for every x ∈ Ω1, for µ
W−χ
x -a.e. y, the point z := α˜(ϕ
χ
x (y)w)y
satisfies f0(x) = f0(z), and ϕ
χ
x (y) = ϕ
b
x(y);
(2) for every x ∈ Ω0, µ
W−
α˜(a)
x -a.e. y belongs to Ω1. Moreover, for
every y ∈ Ω1 ∩W
−
α˜(a)
(x), we have z := α˜(ϕax(y)w)y ∈ Ω1,
f0(x) = f0(z), and ϕ
a
x(y) = ϕ
b
x(y).
We claim that for µ-a.e. x, for µ˜
W˜−
β˜(b)
x -a.e. z, we have f0(x) =
f0(z). This will imply that f0 is [W˜
−
β˜(b)
]-measurable, and conclude
the proof.
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As a ∈ Lχ, we have α˜(a)α˜(g) = α˜(g)α˜(a) for any g ∈ G−χ. Thus
for any x ∈ Mα, any y ∈ W−
α˜(a)
(x), any g ∈ G−χ, we have α˜(g)y ∈
W−
α˜(a)
(α˜(g)x). By χ ∈ Σout3 , we know that µ is G
−χ-invariant. This
implies that for any g ∈ G−χ, for µ-a.e. x, we have
[(α˜(g))∗µ
W−
α˜(a)
x ] = [µ
W−
α˜(a)
α˜(g)x
].
Thus for µ-a.e. x ∈ Ω0, for a µ
W−
α˜(b)
x -typical y, there exists y
′ ∈
Ω1 ∩W
−
α˜(a)
(x) such that y ∈ W−χ(y′). Set z′ = α˜(ϕbx(y
′)w)y′ and
z′′ = α˜(ϕbx(y
′)w)y ∈ W−χ(z′). Then z′ ∈ Ω1 and f0(x) = f0(z
′). As
the holonomy map between W−χ(y′) and W−χ(z′) along α˜(Rw)-
orbits is absolutely continuous, a typical choice of y ∈ W−χ(y′) cor-
responds to a typical choice of z′′ ∈ W−χ(z′). Thus for a typical y
we have
z := α˜(ϕbx(y)w)y = α˜(ϕ
χ
z′(z
′′)w)z′′ .
Consequently, we have f0(z) = f0(z
′) = f0(x). 
LEMMA 4.9. We have [E˜β˜(a)] ⊂ [W˜
−χ].
Proof. By χ ∈ Σout3 , we have W˜
−χ
G = W˜
−χ. Thus it suffices to show
that [E˜β˜(a)] ⊂ [W˜
−χ
G ].
We fix a continuous function θ on Mα. We define
B±θ = {x | limn→±∞
1
n
n−1
∑
i=0
θ(β˜(na)x) =
∫
θdµ˜
E˜β˜(a)
x }
where µ
E˜β˜(a)
x denotes the β˜(a)-ergodic component of µ˜ at x.
By Birkhoff’s ergodic theorem, we know that for µ˜-a.e. x, B+θ (x) =
B−θ (x). In this case, we say that x is regular (with respect to θ) and
denote Bθ(x) := B
±
θ (x). Consequently, by the α˜(Rw)-invariance of µ
and the fact that µ˜ ∼ µ, the conditional measures of µ˜ along α˜(Rw)-
orbits are absolutely continuous with respect to Lebesgue. Thus for
µ˜-a.e. x, for Lebesgue almost every t ∈ R, α˜(tw)x is regular.
We let W be the set of x ∈ Mα such that for η ∈ {−χ, χ1, χ2}, x
satisfies Corollary A. We know that W is a µ˜-conull set. Then for
µ˜-a.e. x, for Lebesgue almost every t ∈ R, α˜(tw)x ∈W.
By Fubini’s lemma, Remark 1 and the above discussion on regular
points, we know that for η ∈ {−χ, χ1, χ2}, for νGη-a.e. h, for µ˜-a.e.
x, for Lebesgue almost every t ∈ R, α˜(tw)x is regular and ϕ
η
α˜(tw)x
is
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defined at α˜(tw)α˜(h)x. We denote the above νGη -conull set by Ωη,
and for every h ∈ Ωη we denote byWh the above µ-conull set of x.
By χ ∈ −ΣnonQ , there exist χ1, χ2 ∈ ΣQ \ {±χ} such that −χ =
χ1 + χ2. Then for νG−χ-a.e. h, there exist hi, hi+2 ∈ Ωχi , i = 1, 2 such
that h = h4h3h2h1.
It is direct to see that µ˜-a.e. x satisfies that
x ∈ Wh1 , α˜(h1)x ∈Wh2 , α˜(h2h1)x ∈Wh3 , α˜(h3h2h1)x ∈Wh4 .
By Lemma 4.6, the W˜χ1G -holonomymap between α˜(Rw)x and α˜(Rw)α˜(h1)x
within the leaf α˜(Rw)Wχ1G (x) is absolutely continuous. More pre-
cisely, for Lebesgue almost every t ∈ R, the intersection between
W˜χ1G (α˜(tw)x) and α˜(Rw)α˜(h1)x is α˜(φ(t)w)α˜(h)x where
φ(t) = ϕχ1
α˜(tw)x
(α˜(tw)α˜(h1)x) + t.
Lemma 4.6 implies that φ preserves the Lebesgue class. Consequently,
for Lebesgue almost every t ∈ R, α˜(tw)x, α˜(φ(t)w)α˜(h)x are both
regular.
By iterating the above argument, we see that for Lebesgue almost
every t ∈ R, there exist regular points x1, · · · , x4 such that the fol-
lowing is true. Set x0 = α˜(tw)x. We have
x1 ∈ W˜
χ1
G (x0), x2 ∈ W˜
χ2
G (x1), x3 ∈ W˜
χ1
G (x2), x4 ∈ W˜
χ2
G (x3).
Moreover, there exists s ∈ R such that x4 = α˜(sw)α˜(h)x0.
By definition, it is easy to see that
Bθ(x0) = Bθ(x4),
and for some c ∈ a such that both χ1(c), χ2(c) < 0, we have
d(β˜(nc)x0, β˜(nc)x4) → 0 as n→ ∞.
This implies that x4 ∈ W˜
−χ
G (x0) and consequently s = ϕ
−χ
x0 (α˜(h)x0).
Finally, by Fubini’s lemma, we deduce that for µ-a.e. x, for W˜−χG -
a.e. y, we have Bθ(x) = Bθ(y). By take θ over a dense subset of
L1(Mα, µ˜), we conclude the proof. 
It is well-known that
[E˜β˜(a)] ⊂ [W˜
−
β˜(a)
].
Consequently, by Lemma 4.8 and Lemma 4.9 we have
[E˜β˜(a)] ⊂ [W˜
χ
F ].
Let R be the Pesin set in the lemma. Let ϕx be given by Lemma 4.4
for W˜χF . By Lemma 4.4, there exists K1 > 0 such that |ϕx(y)| < K1 for
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any y ∈ R ∩WχF,loc(x). Then by (4.1) the point z = α˜(ϕx(y)w)y be-
longs to a Pesin set R′ ⊃ R which depends on R, but is independent
of x and y.
By Lemma 4.5, for µ-a.e. x, for µ
W
χ
F
x -a.e. y ∈ R∩W
χ
F,loc(x), α˜(ϕx(y)w)y
is a µ˜
E˜β˜(a)
x - density point of R
′. Then by Birkhoff’s ergodic theo-
rem, for the above x, y, z there exists a sequence {kn}n∈N ⊂ N such
that β˜(kna)x ∈ R′ converges to z as n goes to infinity. Let ln =
g(x, kna)− ϕx(y)w, then we have
α˜(ln)x = α˜(−ϕx(y)w)β˜(kna)x → y as n→ ∞.
We have
Dα˜(ln)(x) = Dα˜(−ϕx(y)w)(β˜(kna)x)Dα˜(g(x, kna))(x).
Moreover
‖Dα˜(g(x, kna))|E(x)‖ ≤ K
2
2
where K2 is the maximal distortion between ‖ · ‖ε and the back-
ground metric on Mα over the Pesin set R′. By |ϕx(y)| < K1, we
can see that there exists K > 0 depending only on R, such that
‖Dα˜(ln)|E(x)‖ < K.
This concludes the proof. 
By the argument in [15], we see that µ
W
χ
F
x is absolutely continu-
ous with positive density Lebesgue almost everywhere. As Wχ is
C1 foliated by W
χ
F and W
χ
G, by the absolute continuity of the W
χ
G-
holonomy maps between different WχF -leaves, we deduce that µ
WχG
x
is non-atomic for µ-a.e. x. Consequently, µG
χ
x is non-atomic for µ-a.e.
x. 
5. WHEN µW
χ
F IS ATOMIC
Through out this section, we assume that for µ-a.e. x, µ
W
χ
F
x is sup-
ported on a discrete set with respect to the leafwise metric. Then the
following result is well-known.
LEMMA 5.1. For µ-a.e. x, µ
WχF
x is the Dirac measure at x.
Proof. Assume to the contrary that the lemma fails. For µ-a.e. x, we
define
r(x) := sup{σ | µ
W
χ
F
x (B(x, σ) \ {x}) = 0}.
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We obtain a contradiction by the A-invariance of µ and Poincare´’s
recurrence theorem. 
5.1. A local entropy forumula. In this subsection, we recall a local
entropy formula from [19].
We fix an arbitrary k ∈ a such that χ(k) > 0. Let us denote f =
α˜(k).
By the construction in [18, Section 3], we can also choose two mea-
surable partitions η0 and η1 such that
(1) η0, resp. η1, is subordinate toW
χ
G, resp. W
χ;
(2) η0, η1 are all f -increasing and f -generating;
(3) η0 ≥ η1.
Moreover, we can also ensure that
(1) WχG,loc(y) ∩ η1(x) = η0(y) for µ-a.e. x and every y ∈ η1(x);
(2) f−1(η0(x)) = η0( f
−1(x)) ∩ f−1(η1(x)) for µ-a.e. x and every
y ∈ η1(x).
LEMMA 5.2. We have
hµ( f , η1) ≤ hµ( f , η0) + χF(k).
Proof. This follows from [19, Section 11]. 
REMARK 2. In Ledrappier-Young [18], this was proved in the setting where
an invariant subfoliation of the unstable foliation is foliated by strong un-
stable foliation. Here neither WχF or W
χ
G is not a strong subfoliation of
Wχ. But in our setting, the local product structure of Mα and the group
action allows us to show thatWχ is C1 foliated by bothWχF andW
χ
G. This
suffices for the construction of η0, η1.
LEMMA 5.3. We have
hµ( f , η1) = 2χG(k).
Proof. This is a consequence of [4, Theorem 13.6], our hypothesis that
µW
χ
F is atomic, and the fact that π∗µ is the Haar measure on G/Γ. 
COROLLARY B. If for µ-a.e. x, µG
χ
x is atmoic, then there exists a constant
λ > 1 such that χF = λχG.
Proof. By the definition of χ, there exists λ > 0 such that χF = λχG.
Take an arbitrary k ∈ a such that χ(k) > 0, and set f = α˜(k). By the
hypothesis in the lemma, we know that hµ( f , η0) = 0. By Lemma 5.3
and Lemma 5.2, we obtain
χF(k) ≥ hµ( f , η1) ≥ 2χG(k).

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5.2. Non-stationary normal form. We recall a result in [15] on the
existence of the non-stationary normal form. In our setting, their
result states as follows.
LEMMA 5.4. For µ-a.e. x ∈ Mα, there exists a C1+ǫ diffeomorphism hx :
WχF (x) → R such that
(i) hα˜(k)x ◦ α˜(k) = Dα˜(k) ◦ hx for every k ∈ a,
(ii) hx(x) = 0 and Dxhx is an isometry,
(iii) hx depends continuously on x in the C1+ǫ topology on a Pesin set.
Let us denote by Ω the µ-conull subset in Lemma 5.4 on which the
non-stationary normal form is defined. For any x ∈ Ω, the map hx
can be expressed in an explicit manner which we now describe. We
fix x ∈ Ω0 and an element k0 ∈ a such that χ(k0) < 0, and denote
f = α˜(k0). For any z ∈ M
α, we denote
J f (z) = ‖D f |E(z)‖.
For any y ∈ WχF (x), we have
|hx(y)| =
∫ y
x
ρx(z)dz(5.1)
where
ρx(z) =
∞
∏
i=0
J f ( f i(z))
J f ( f i(x))
.
The integral in (5.1) is defined using the Riemannianmetric onWχF (x).
We define
Ω1 = ∪x∈ΩW
χ
F (x).
Then by (5.1), we can define hy for any y ∈ Ω1. We have the follow-
ing useful observations.
LEMMA 5.5. For any x ∈ Ω, for any y1, y2 ∈ W
χ
F (x), the map hy1h
−1
y2
is
an affine transformation of R.
Proof. This is proved in [15, Lemma 3.3]. 
LEMMA 5.6. For any y ∈ Ω, for any z ∈ Ω1 such that there exists g ∈ G
χ
satisfying z = α˜(g)y, we have
α˜(g)WχF (y) = W
χ
F (z).
Moreover, there exists c ∈ {±‖Dα˜(g)|E(y)‖} such that
hzα˜(g)h
−1
y (t) = ct, ∀t ∈ R.
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Proof. Take an arbitrary w ∈ WχF (y), we denote u = α˜(g)w. Then for
any k ∈ a such that χ(k) < 0, we have
lim
n→∞
n−1 log d(α˜(nk)u, α˜(nk)z) < 0.
Moreover, we have
π(u) = gπ(w) = gπ(y) = π(z).
Thus we have u ∈ WχF (z). This proves the first statement.
We now prove the last statement. We use the natural parametrisa-
tion of Gχ by R2. Namely, we define a diffeomorphism θχ : R
2 → Gχ
by
θχ(a, b) = Id+ (a+ ib)Eχ(5.2)
where Eχ = Es,t if χ = χs,t. We write g = θχ(v) for some v ∈ R2, and
write λ = eχG(k0) < 1. Notice that
f α˜(θχ(v)) = α˜(θχ(λv)) f .
Thus we have
J f (u) = ‖Dα˜(θχ(λv))|E( f (w))‖J f (w)‖Dα˜(θχ(−v))|E(u)‖
= J f (w)‖Dα˜(θχ(λv))|E( f (w))‖‖Dα˜(θχ(v))|E(w)‖
−1.
More generally, for every integer i ≥ 0, we have
J f ( f i(u)) = J f ( f i(w))‖Dα˜(θχ(λ
i+1v))|E( f i+1(w))‖‖Dα˜(θχ(λ
iv))|E( f i(w))‖
−1.
Analogously, we have
J f ( f i(z)) = J f ( f i(y))‖Dα˜(θχ(λ
i+1v))|E( f i+1(y))‖‖Dα˜(θχ(λ
iv))|E( f i(y))‖
−1.
To simplify notation, we set
ξi,w = ‖Dα˜(θχ(λ
iv))|E( f i(w))‖,
ξi,y = ‖Dα˜(θχ(λ
iv))|E( f i(y))‖.
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Notice that ξi,w, ξi,y tend to 1 exponentially fast as i tends to infinity.
Then for any w∗ ∈ W
χ
F (y), denote u∗ = α˜(g)w∗, we have
|hz(u∗)| =
∫ u∗
z
ρz(u)du
=
∫ u∗
z
∞
∏
i=0
J f ( f i(u))
J f ( f i(z))
du
=
∫ u∗
z
∞
∏
i=0
[
J f ( f i(w))
J f ( f i(y))
ξi+1,wξi,y
ξi+1,yξi,w
]du
=
∫ u∗
z
ρy(w)
ξ0,y
ξ0,w
du
( as u = α˜(g)w ) = ξ0,y
∫ w∗
y
ρy(w)dw
= ‖Dα˜(g)|E(y)‖|hy(w∗)|.
This confirms the last statement. 
5.3. The proof for the atomic case. We use the following parametri-
sation ofWχ. For every x ∈ Ω1, we define the map Hx fromW
χ(x)
to R3 by
Hx(p) = (a(p), b(p)) if we have p = α˜(θχ(a(p)))h
−1
x (b(p))
where θχ is defined in (5.2). It is straightforward to verify that Hx is
a homeomorphism.
We notice that for any x ∈ Ω1, for any k ∈ a, there exists c ∈
{±‖Dα˜(k)|E(x)‖} such that
Hα˜(k)xα˜(k)H
−1
x (u, v) = (e
χG(k)u, cv), ∀u ∈ R2, v ∈ R.(5.3)
Let us define a subgroup of the affine transformations of R3 as
follows,
A = {(v1, v2, v3) 7→ (v1 + a1, v2 + a2, bv3 + c) | a1, a2, c ∈ R, b ∈ R∗}.
For each T ∈ A, we will use a1(T), a2(T), b(T), c(T) to denote the
coefficients in the expression of T. We also set
a(T) := (a1(T), a2(T)).
We collect some useful properties of Hx.
LEMMA 5.7. For µ-a.e. x, for µW
χ
x -a.e. y, the map HyH
−1
x belongs to A.
Moreover, we have
π(y) = α˜(θχ(−a(HyH
−1
x )))π(x).
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Proof. As Ω is µ-conull, for µ-a.e. x, µW
χ
x -a.e. y belongs to Ω. We fix
x, y ∈ Ω as above. Since π(y) ∈ Gχ(π(x)), we see that there exists
v ∈ R2 such that z := α˜(θχ(v))(x) ∈ π−1(π(y)) ∩Wχ(x). Then it is
clear that z ∈ WχF (y). By Lemma 5.5, we can see that HyH
−1
z ∈ A.
Moreover, it is clear that a(HyH
−1
z ) = (0, 0).
By Lemma 5.6, we have
h−1z (ct) = α˜(θχ(v))h
−1
x (t), ∀t ∈ R(5.4)
where c ∈ {±‖Dα˜(θχ(v))|E(x)‖}. As Hx,Hz are homeomorphisms
betweenWχ(x) and R3, for any s ∈ R2, t ∈ R, there exists a unique
pair s′ ∈ R2, t′ ∈ R such that H−1x (s, t) = H
−1
z (s
′, t′). Then by the
definitions of Hx,Hz and by (5.4), we have
α˜(θχ(s))h
−1
x (t) = α˜(θχ(s
′))h−1z (t
′)
= α˜(θχ(s
′))α˜(θχ(v))h
−1
x (c
−1t′)
= α˜(θχ(s
′ + v))h−1x (c
−1t′).
Consequently, we have
s′ = s− v, t′ = ct.
Thus HzH
−1
x ∈ A and a(HzH
−1
x ) = −v. Hence HyH
−1
x ∈ A and
a(HyH−1x ) = −v. This concludes the proof. 
We denote
A
0 = Ker(p)(5.5)
= {(v1, v2, v3) 7→ (v1, v2, bv3 + c | b, c ∈ R}.
We denote by PM(R3) the space of equivalence classes under
proportionality of Radon measure on R3. We define
H := L0(R2, Leb).
That is, the set of Borel measurable R-valued functions on R2 mod-
ulo the equivalence
f1 ∼ f2 iff f1(v) = f2(v) for Lebesgue almost every v.
It is well-known that H, equipped with the topology given by con-
vergence in measure, is a complete metric space.
Proof of Proposition 3.4 — the atomic case. We assume by contradiction
that µG
χ
x is atomic for µ-a.e. x. Consequently, µ
W
χ
G
x is atomic for µ-a.e.
x.
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We let {[µW
χ
x ]}x∈Mα be defined in subsection 2.2 where µ
Wχ
x is a
Radon measure on Wχ(x) determined up to a scalar. For µ-a.e. x,
we define
Ψ(x) = [(Hx)∗(µ
Wχ
x )] ∈ PM(R
3).(5.6)
We have the following.
LEMMA 5.8. There exists a unique r ∈ H such that the following is true.
Fix an arbitrary constant u > 0 and an arbitrary Radon measure ω ∈
Ψ(x). For every c > 0, we define
ωc := ω|B
R2
(0,u)×(−c,c) ∈ M(R
3).
Let π1,2 : R
3 → R2 denote the projection onto the first two coordinates of
R3. Then the measure
ω¯c := (π1,2)∗ωc ∈ M(R
2)
is absolutely continuous with respect to the Lebesgue measure on R2; and
we have
ωc =
∫
r−1(−c,c)
δ(v,r(v))dω¯c(v).
Proof. We assume for simplicity that u = 1, and we will define r over
BR2(0, 1). The general case is similar.
Given d > 0. We deduce that ω¯d is absolutely continuous with
respect to the Lebesgue measure by the fact that π∗µ is the Haar
measure on G/Γ. To simply notation, we set
Rd = {v |
dω¯d
dLeb
(v) > 0}.
We have Rd ⊂ Rd′ for any d < d
′, and∪d>0Rd coincides with BR2(0, 1)
up to a Lebesgue null set.
By Rokhlin’s disintegration theorem, we obtain
ωd =
∫
R2
ω
{v}×R
d dω¯d(v),
where ω
{v}×R
d denotes the conditional measure of ωd on {v} × R.
As we know that µ
W
χ
F
y is the Dirac measure at y for µ-a.e. y; and that
for ω-a.e. (v, s) ∈ R3,
ω
{v}×R
d ≤ (Hx)∗(µ
WχF
H−1x (v,s)
),
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we can conclude that ω
{v}×R
d is a Dirac measure on {v} ×R for ω¯d-
a.e. v ∈ Rd. Thus there exists an essentially unique ω¯d-a.e. defined
measurable function rd : Rd → (−d, d) such that
ωd =
∫
Rd
δ(v,rd(v))dω¯d(v).
We extend rd to a measurable function from BR2(0, 1) to (−d, d) by
setting
rd|B
R2
(0,1)\Rd
≡ 0.
By definition, for every c ∈ (0, d), we have
ωc =
∫
r−1d (−c,c)
δ(v,rd(v))dω¯d(v).
Consequently, we have
ω¯c = ω¯d|r−1d (−c,c)
and
rc = rd|r−1d (−c,c)
.
We let r : BR2(0, 1) → R be the pointwise limit of rd as d tends to
infinity. It is straightforward to verify that r satisfies the requirement
of the lemma. 
For a µ-typical x, we let r be given by Lemma 5.8, and set
S(x) = r.
COROLLARY C. For µ-a.e. x, for µW
χ
x -a.e. y, we have
Graph(S(y)) = (HyH
−1
x )Graph(S(x)).
Proof. For x, y in the corollary, there exists a constant c > 0 such that
µW
χ
x = cµ
Wχ
y .
Then by (5.6), we have
Ψ(y) = (HyH
−1
x )∗Ψ(x).
By Lemma 5.8, we see that Ψ(x), resp. Ψ(y), is supported on the
graph of S(x), resp. S(y). The corollary then follows suit. 
We define for every c > 0 that
Pc(x) := S(x)
−1(−c, c) ∩ BR2(0, 1).(5.7)
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REMARK 3. By definition, it is clear that
lim
c→+∞
Leb(Pc(x)) = Leb(BR2(0, 1)) = π.(5.8)
LEMMA 5.9. We have
lim
c→0
Leb(Pc(x)) = 0.
Proof. It is clear that we have
lim
c→0
Leb(Pc(x)) = Leb(S(x)
−1(0) ∩ BR2(0, 1)).
If Leb(S(x)−1(0) ∩ BR2(0, 1)) > 0, then we see that for any d > 0
and any ω ∈ Ψ(x), the conditional measure of ωd on R
2× {0} is not
atomic. On the other hand, by definition, we see that for a µ-typical
x, we have
ω
R2×{0}
d ≤ [(Hx)∗(µ
Wχ
x )]
R
2×{0} = (Hx)∗µ
W
χ
G
x .
By our hypothesis, µ
WχG
x is atomic. This is a contradiction. 
We define λ : Mα → R as follows,
λ(x) = inf{c > 0 | Leb(Pc(x)) ≥
1
2
}.
By Lemma 5.9, we see that λ(x) ∈ (0,∞).
For any real constant c 6= 0, we define map Dc : R3 → R3 as
Dc(a, b) = (a, c
−1b), ∀a ∈ R2, ∀b ∈ R.
We define
Φ(x) = (Dλ(x))∗Ψ(x),
Sˆ(x) = λ(x)−1S(x).
By definition, for any t ∈ Lχ, we have χG(t) = 0. By (2.1), (5.6),
(5.3), for any t ∈ Lχ, we have
Ψ(α˜(t)x) = (Dd)∗Ψ(x)(5.9)
for certain constant d 6= 0. Then by definition, we have
S(α˜(t)x) = d−1S(x).
Take an arbitrary λ′ > λ(x). Notice that by the definition of Pc and
(5.9), we have
Pc(α˜(t)x) = Pcd(x), ∀c > 0.
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Then by (5.9) we have
Pd−1λ′(α˜(t)x) = Pλ′(x) ≥
1
2
.
Consequently, we have
d−1λ(x) ≥ λ(α˜(t)x).
By symmetry, we can also show that d−1λ(x) ≤ λ(α˜(t)x). Thus
λ(α˜(t)x) = d−1λ(x). By definition, we see that
Φ(x) = Φ(α˜(t)x) and Sˆ(x) = Sˆ(α˜(t)x).(5.10)
As t is an arbitrary element of Lχ, we see that Sˆ is an Hχ-invariant
function (modulo µ). We set
A = Sˆ−1BH.
For any closed subgroup H ⊂ G, we denote by EH the σ-algebra
generated by H-invariant sets modulo µ. More precisely, we define
EH := {B ∈ BMα | g
−1B = B mod µ, ∀g ∈ H}.
It is well-known that (for example, see [11, Theorem 6.1]), if µ is H-
invariant, then for µ-a.e. x, the atom EH(x) is the H-ergodic compo-
nent of µ at x. By (5.10), we have that
A ⊂ EHχ .
By χ ∈ Σout3 ∩ (−Σ
non
Q ), we see that
[W−χ] = [W
−χ
G ] ⊃ EHχ .
By the similar argument as in Section 4, we deduce that
[Wχ] ⊃ EHχ .
Consequently, for µ-a.e. x, for µW
χ
x -a.e. y, we have y ∈ A(x), or in
another words,
Sˆ(x) = Sˆ(y).
The consideration of Sˆ is related to the method presented in [10].
The above discussion shows that for a µ-typical point x, the set
U := {y ∈ Wχ(x) | Sˆ(x) = Sˆ(y)}
satisfies that π1,2U is non-discrete. By Corollary C, for any y ∈ U we
have
(Dλ(x)−1λ(y)HyH
−1
x )Graph(S(x)) = Graph(S(x)).
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We set
Ax = {T ∈ A | TGraph(S(x)) = Graph(S(x))}.
We notice that Ax has a natural factor, denoted by p : Ax → Ax,
where
Ax = {Tˇ : R
2 → R2 | ∃T ∈ Ax such that Tˇπ1,2 = π1,2T}
and as before π1,2 denotes the projection from R
3 onto its first two
coordinates. We can naturally identify Ax with a subset of R
2 by
taking the translation vector.
We set A0x = A
0 ∩Ax. By definition, Ax, A0, A0x are closed sub-
groups of A, and there is an exact sequence
0 −→ A0x −→ Ax −→ Ax −→ 0.
We notice the following.
LEMMA 5.10. We have
(1) A0x = {Id};
(2) the map Ax → Ax is proper. Consequently, Ax is closed.
Proof. We denote r = S(x). Take an arbitrary T ∈ Ax. By the unique-
ness of r in Lemma 5.8, we can see that
b(T)r(v − a(T)) + c(T) = r(v)
for Lebesgue almost every v ∈ R2.
If A0x 6= {Id} and Id 6= T ∈ A
0
x, then r must equal to a constant
Lebesgue almost everywhere. This contradicts the our hypothesis
that µG
χ
is atomic almost everywhere. Item (1) follows suit.
As we have seen r is not almost everywhere constant, there exist
disjoint intervals I1, I2 ⊂ R such that r
−1(Ii) has positive Lebesgue
measure for i = 1, 2.
Let {Tn}n≥0 be a sequence in Ax such that
lim
n→∞
a(Tn) = 0.
Then for all sufficiently large n, for i = 1, 2, we may find vn,i ∈
r−1(Ii) such that vn,i − a(Tn) ∈ r
−1(Ii). Thus
b(Tn)(r(vn,1 − a(Tn))− r(vn,2 − a(Tn))) = r(vn,1)− r(vn,2).
This implies that for all sufficiently large n we have
|b(Tn)| ≤ dist(I1, I2)
−1diam(I1 ∪ I2).
In a similar way, wemay bound c(Tn) for all sufficiently large n. This
implies the properness of the map from Ax to Ax. 
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By Lemma 5.10(1), we may define b(z) := b(T) and c(z) := c(T)
for every z ∈ Ax where T is the unique element of Ax with a(T) = z.
By Lemma 5.10(2), we conclude that Ax is a closed, non-discrete
subgroup of the translations on R2. Thus Ax is a linear subspace of
R2 of positive dimension.
It is direct to verify that b(z1 + z2) = b(z2)b(z1) for any z1, z2 ∈
Ax. Then there exists a linear functional ℓ
x : Ax → R such that
b(z) = eℓ
x(z) for any z ∈ Ax.
Assume that for µ-a.e. x, we have ℓx 6= 0. We take a µ-typical
x, and abbreviate ℓx as ℓ. Take two arbitrary elements T1, T2 ∈ Ax,
and some v ∈ Ax, u ∈ R. To simply notation, we set zi = a(Ti) for
i = 1, 2. Then we have
T2T1(v, u) = T2(v+ z1, e
ℓ(z1)u+ c(z1))
= (v+ z1 + z2, e
ℓ(z2)(eℓ(z1)u+ c(z1)) + c(z2))
= (v+ z1 + z2, e
ℓ(z2+z1)u+ (eℓ(z2)c(z1) + c(z2))).
We can see that for any z1, z2 ∈ Ax,
c(z1 + z2) = e
ℓ(z2)c(z1) + c(z2).(5.11)
Then by (5.11), we obtain
c(z) = c0(e
ℓ(z) − 1), ∀z ∈ Ax(5.12)
for some constant c0 ∈ R.
By (5.12), we see that for µ-a.e. x, there exists a linear functional
ℓx : Ax → R, and a constant cx0 ∈ R such that
cx(z) = c
x
0(e
ℓx(z) − 1), ∀z ∈ Ax.
For a µ-typical x, for any k ∈ a, and for any z ∈ Ax, we set
Cxk,±(v, u) = (e
χG(k)v,±‖Dα˜(k)|E(x)‖u)
and
Txz (v, u) = (v+ z, e
ℓx(z)u+ cx0(e
ℓx(z) − 1)).
By (5.3) and straightforward computations, we deduce that for
any σ ∈ {−,+},
Cxk,σT
x
z (C
x
k,σ)
−1(v, u) = Cxk,σT
x
z (e
−χG(k)v, σ‖Dα˜(k)|E(x)‖
−1u)
= Cxk,σ(e
−χG(k)v+ z, eℓ
x(z)σ‖Dα˜(k)|E(x)‖
−1u+ cx0(e
ℓx(z) − 1))
= (v+ eχG(k)z, eℓ
x(z)u+ σ‖Dα˜(k)|E(x)‖c
x
0(e
ℓx(z) − 1)).
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It is direct to see that
Cxk,σT
x
z (C
x
k,σ)
−1 ∈ Aα˜(k)x.
Then for some σ ∈ {−,+} we have for any z ∈ Ax that
Cxk,σT
x
z C
x
k,σ = T
α˜(k)x
eχG(k)z
.(5.13)
Then we have
ℓ
x(z) = ℓα˜(k)x(eχG(k)z).
By this is impossible by Poincare´’s recurrence lemma and our hy-
pothesis that ℓx 6= 0 for µ-a.e. x. Consequently, for µ-a.e. x, we have
ℓx ≡ 0. Then it is easy to see that c is a linear functional on Ax,
which we denote by cx. Again by (5.13), we deduce that for some
σ ∈ {±1},
cα˜(k)x = σ‖Dα˜(k)|E(x)‖e
−χG(k)cx.
Consequently, we have
‖cα˜(k)x‖ = ‖Dα˜(k)|E(x)‖e
−χG(k)‖cx‖.(5.14)
Assume that cx 6= 0 for µ-a.e. x. Notice that
lim
n→∞
n−1 log ‖Dα˜(nk)|E(x)‖ = χF(k), ∀k ∈ a.
By Corollary B, we have χF = λχG for some λ > 1. We get a contra-
diction by (5.14) and Poincare´’s recurrence theorem.
Thus we have proved that cx ≡ 0 for µ-a.e. x, and as a result,
Ax = {((v, u) 7→ (v+ z, u)) | z ∈ Ax}.
However, for any Radon measure ω on R3 satisfying that
T∗ω = ω, ∀T ∈ Ax,
we know that for ω-a.e. (v, u) ∈ R3 where v ∈ R2 and u ∈ R,
the conditional measure of ω on R2 × {u} is nonatomic. While this
contradicts our hypothesis that µW
χ
G is atomic. 
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